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We review briefly the properties of a mixture of mutually interacting bosons (bound electron pairs) and
itinerant fermions on a lattice (the boson-fermion model). The calculations of the superconducting phase
transition temperature (Tc) and the phase diagram are the main concern. The self-consistent T -matrix method
is applied to determine the superconducting critical temperature from a pseudogap phase. The method takes
into account the pairing fluctuations effects. The T -matrix results for Tc are given for a 3D cubic lattice
with tight-binding dispersion of electrons and standard bosons, and they are also compared with those of the
BCS- mean-field approximation (MFA). Our results describe the BCS-Bose-Einstein condensation (BEC)
crossover in the boson-fermion mixture with resonant interaction. The energy scales involved in the pseudo-
gap formation are also analysed.
1. Introduction
The scenario of coexisting local pairs (LPs) and itinerant electrons (a mixture of charged
2e bosons and fermions), i.e. the boson-fermion model, for non-conventional supercon-
ductors, chalcogenide glasses, and systems with alternating valence, was introduced about
two decades ago [1–3]. Because of the intersubsystem charge exchange coupling, an in-
duced (resonant) pairing mechanism can be active in this model, which prompts the su-
perconducting state involving both boson and fermion components. A related resonance-
boson model of superconductivity was developed in Refs.[4]. A mixture of interacting
bosons and itinerant electrons can display superconducting characteristics which are in-
termediate between those of the local pair superconductors and those of the homogeneous
BCS systems [2–5]. The relevance of this two-component model for high temperature
superconductors (HTS) and other short-coherence length superconductors has been the
concern of many authors [2–23]. It has also been applied as the two-channel model for
description of the BCS–BEC crossover from the atom Cooper pairs to molecules in ultra-
cold fermionic atomic gases with a Feshbach resonance [23–25].
Even though for HTS the boson-fermion (BF) model has been proposed phenomenolog-
ically, it can also be obtained as an effective low-energy model from microscopic formu-
lation. For instance, within the polaron scenario, it has been derived from the generalized
periodic Anderson model with on-site hybridization of wide- and narrow-band electrons,
in which the narrow-band electrons are locally strongly coupled with the lattice defor-
mation [2]. In this context, LPs (bipolarons) are formed which are hard-core (charged 2e)
bosons made up of two tightly bound fermions. Next, the plaquette BF model, an effective
model for hole pairing in cuprates, has been obtained from the strongly correlated Hub-
bard model on the square lattice by the contractor renormalization method [14]. Several
authors have considered the BF scenarios in the investigations of superconductivity mech-
anism, exploring heterogeneity of the electronic structure of cuprate HTS, especially in
the pseudogap phase, either in the momentum space (the Fermi arcs model) [11, 12, 16–
18, 22] or in the real space (charge and spin inhomogeneities) [13, 15].
For a review of two-component scenarios for non-conventional (exotic) superconduc-
tors, see Ref. [18]. Also, disorder and inhomogeneity effects have been recently inves-
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tigated in the (hard core) boson-fermion model for non-conventional superconductors
[26, 27].
Thus, the boson-fermion model with resonant interaction is the basic model for super-
conductivity that has been adopted to explain high-Tc superconductivity and the BCS-
BEC crossover in ultra-cold fermionic atomic gases [2–33].
The purpose of this paper is analysis of the phase diagrams of the BF model on a lattice
and detail evaluation of the superconducting transition temperature beyond BCS-MFA.
We extend our previous study [19] based on a generalized T -matrix approach adapted
to the BF model and provide further results. Our method explores the pairing fluctuation
theory of the BCS-BEC crossover for single-channel fermion systems with attraction [23,
34–37]. In Sec.2 we briefly outline the T -matrix formalism for the BF model and present
derivation of equations which determine Tc from the pseudogap phase, not described in
Ref.[19]. The numerical solutions to these equations for a simple cubic lattice, with the
tight-binding dispersion for fermions, are reviewed in Sec. 3.
2. T-matrix formalism: Equations for Tc in the Boson–Fermion model
We will consider the boson-fermion model on a lattice described by the following Hamil-
tonian [19]:
H =
∑
kσ
(εk − µ)c†kσckσ +
∑
q
(E0q + 2∆B − 2µ)b†qbq
−U
N
∑
k,k′,q
c
†
k+q/2,↑c
†
−k+q/2,↓c−k′+q/2,↓ck′+q/2,↑
+
I√
N
∑
q
(
b†qBq + B
†
qbq
)
, (1)
B†q =
∑
k
c
†
k+q/2,↑c
†
−k+q/2,↓ , (2)
where, σ = {↑, ↓}, c†
kσ
and ckσ are the fermion creation (annihilation) operators with
momentum k and spin σ. bq, b
†
q represent the boson operators satisfying the standard
commutation relations: [bq, b
†
q′] = δqq′ , [bq, bq′] = 0 = [b
†
q, b
†
q′]. B
†
q stands for the singlet
pair creation operator of c-electrons. εk is the electron band energy, E
0
q is the boson kinetic
energy, and they are both defined on the hypercubic lattice. E0
0
= 0. 2∆B is the bottom of
the boson band and µ is the chemical potential. I is the intersubsystem (resonant) coupling
constant. U - the direct (non-resonant) interaction between fermions. The total number of
particles per site is n = nF +2nB, where nF =
1
N
∑
kσ〈c†kσckσ〉 is the electron concentration
and nB =
1
N
∑
q〈b†qbq〉 - the boson concentration, N - the number of lattice sites.
The inherent property of the model is the presence of pair exchange interaction (I) (or
interconversion term), i.e. when a boson is created (b†q) simultaneously a singlet-pair of c-
electrons is annihilated (Bq) and vice versa. If I = 0, we have two subsystems decoupled
from each other and they can undergo a transition at TBCS (at weak U, for fermions)
and TBEC (for bosons). However, if the intersubsystem interaction I , 0, one common
transition to the superfluid state will occur.
At first we consider the case of the absence of the direct fermion interaction, i.e. the case
of U = 0.
In the self-consistent T -matrix approximation the fermionic (G(k)) and bosonic (D(q))
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Green’s functions (GF) in the normal state satisfy the equations [5, 7]:
G(k) =
1
G−1
0
(k) − ΣF(k)
, (3)
ΣF(k) =
∑
q
Γ(q)G(q − k) , (4)
Γ(q) = I2D(q) , (5)
D(q) =
1
D−1
0
(q) − ΣB(q)
, (6)
ΣB(q) = −I2Π(q) , (7)
Π(q) =
∑
k
G(k)G(q − k) , (8)
where we used the four-vector notation: k = (k, iωn), q = (q, iνm),
∑
k =
1
βN
∑
k
∑
ωn
,
∑
q =
1
βN
∑
q
∑
νm
. ωn = (2n + 1)π/β and νm = 2mπ/β are the fermionic and bosonic Matsubara
frequencies, respectively. β = 1/kBT . The free fermionic GF is G
−1
0
(k) = iωn − ε¯k, while
the free bosonic GF: D−1
0
(q) = iνm − 2∆¯B − E0q. ε¯k = εk − µ, ∆¯B = ∆B − µ. ΣF(k) and ΣB(q)
are the fermion and boson self-energies, respectively. Π(q) is the pair susceptibility and
Γ(q) - the T -matrix.
The basic idea in the calculations of the critical temperature consists in the following
approximation for the fermionic self-energy ΣF(k). We consider only slow fluctuations of
the pairing field and neglect temporal and spatial variations, i.e. the terms with q ≈ 0 are
the dominant ones in Eq.(4) [35, 38, 39]
ΣF(k) ≈ G0(−k)
∑
q
Γ(q) =
∆2pg
iωn + ε¯−k
. (9)
∆2pg = −
∑
q
Γ(q) = − 1
πN
∑
q
∫ ∞
−∞
ImΓ(q,Ω)b(Ω)dΩ , (10)
b(Ω) = 1/
[
exp (βΩ) − 1] is the Bose function. Eq.(10) determines a pseudogap parameter
∆pg. The fermionic GF (Eq.(3)) takes the following form:
G(k) =
iωn + ε¯k
(iωn)2 − E2k
, Ek =
√
ε¯2
k
+ ∆2pg , (11)
which is reminiscent of the standard BCS expression with the quasiparticle energy Ek.
Using this GF, the pair susceptibility Π(q) is calculated. In the following instead of the
full calculation of Π(q) [37–39] the partial dressing is adopted which was considered in
detail by Kadanoff and Martin [40] and Levin et al. [35]
Π(q) ≈
∑
k
G(k)G0(q − k) , (12)
which with the use of Eq.(11) and after performing the summation over the Matsubara
frequencies takes the form:
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Π(q) = − 1
N
∑
k
[
f (Ek) + f (ε¯q−k) − 1
ε¯q−k + Ek − iνm
u2k +
f (ε¯q−k) − f (Ek)
ε¯q−k − Ek − iνm
v2k
]
, (13)
u2
k
+ v2
k
= 1, u2
k
= 1
2
(1 + ε¯k
Ek
), f (ω) = 1/
[
exp (βω) + 1
]
is the Fermi function.
In the single channel fermion system the T -matrix is given by Γ−1(q) = g−1 + Π(q),
where g is the coupling constant. Thus, the condition Γ−1(0) = 0 determines Tc and we
obtain the system of three coupled equations for ∆pg, Tc and µ, which were studied in
detail for the continuum and lattice fermions with attractive interaction in Refs.[23, 35,
37]. We call this T -matrix approach as the (GG0)G0 scheme, which indicates the way the
Greens functions enter the pair susceptibility and the fermion self-energy.
In our boson-fermion model we have to consider the bosonic GF Eq.(6), which is given
by
Γ(q) = I2D(q) =
I2
iνm − 2∆¯B − E0q + I2Π(q)
. (14)
The divergence of the generalized T -matrix Γ(q) at q = 0, i.e. (q = 0,Ω = 0) is the same
as for the bosonic GF D(q) and yields the equation for Tc:
2∆¯B + E
0
0 − I2Π(0) = 0 , (15)
2∆¯B + E
0
0 =
I2
N
∑
k
tanh(βcEk/2)
2Ek
, (16)
where we used Eq.(13): Π(0) = Π(0, 0;Tc) =
1
N
∑
k
tanh(βcEk/2)
2Ek
. The number of fermions
is given by:
nF =
2
βN
∑
k, ωn
eiωnηG(k) =
1
N
∑
k
[
1 − ε¯k
Ek
tanh (βcEk/2)
]
. (17)
The number of bosons is:
nB = −
1
βN
∑
q, νm
eiνmηD(q) = − 1
πN
∑
q
∫ ∞
−∞
ImD(q,Ω)b(Ω)dΩ . (18)
(η = 0+). The total number of particles in the system n is conserved
n = nF + 2nB . (19)
Thus, by comparing Eq.(10) and Eq.(18) one gets that at Tc:
∆2pg = I
2nB . (20)
The above system of self-consistent equations (10,16,19,20) determines ∆pg, Tc and the
chemical potential µ. In comparison with BCS-MFA, we have taken into account the bo-
son self-energy effect and included pairing fluctuations.
Next, we examine the direct interaction between fermions. The effect of U will be
included in the Random Phase Approximation - like method, just treating it in the ladder
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approximation [8, 25]. This amounts to generalization of the T -matrix as follows:
Γ(q) =
−Ue f f (q)
1 − Ue f f (q)Π(q)
, (21)
where Ue f f (q) = U − I2D0(q) is the effective pairing interaction and the bosonic self-
energy is given by:
ΣB(q) = −I2Π˜(q) , Π˜(q) =
Π(q)
1 − UΠ(q) . (22)
The transition temperature is given by the Thouless criterion of the divergent T -matrix,
i.e. 1 − Ue f f (0)Π(0) = 0. Simultaneously one checks that the bosonic GF is divergent
indicating a common transition in the system. The pseudogap parameter and the number
of bosons still satisfy the same general equations (10) and (18).
Furthermore, in the numerical calculations of Tc, we use the following procedure to
determine the pseudogap parameter ∆pg. Such a procedure should be reasonable for mod-
erate to strong intersubsystem coupling. The analytically continued pair susceptibility
(Eq.(13)) has the expansion:
Π(q,Ω) − Π(0, 0) ≈ A′0(Ω − Ωq) + iA′′0Ω . (23)
We make an assumption that: ǫ ≡ A′′
0
/A′
0
≪ 1 , and use te relation: limǫ→0 ǫx2+ǫ2 = πδ(x).
Using Eq.(10) and Eq.(15), the equation for pseudogap parameter takes the following
form at Tc for U = 0:
∆2pg =
I2
1 + I2A′
0
1
N
∑
q,0
b
E
0
q + I
2A′
0
Ωq
1 + I2A′
0
 , (24)
Ωq =
1
A′
0
1
N
∑
k
[
f (Ek) + f (ε¯q−k) − 1
ε¯q−k + Ek
u2k +
f (ε¯q−k) − f (Ek)
ε¯q−k − Ek
v2k
+
1 − 2 f (Ek)
2Ek
]
, (25)
A′0 =
1
2∆2pg
nF − 1N
∑
k
2 f (ε¯k)
 . (26)
We point out that two kinds of (coupled) bosonic contributions are present in ∆pg
(Eq.(24)). The one (Ωq) is from long-lived pairs of c-electrons with finite q and the second
is from the direct hopping of bosons E0q. The pair dispersion Ωq in the small q expansion
is of the form:
Ωq = Cq
2 =
q2
2M⋆
, (27)
M⋆ is the effective mass.
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For the case I , 0, U , 0 we obtain the following equation for Tc:
1 =
(
U +
I2
2(∆B − µ)
)
1
N
∑
k
tanh(βcEk/2)
2Ek
. (28)
With the expansion Eq.(23) the pseudogap parameter and the number of bosons satisfy
the following equations:
∆2pg =
I2
e f f
1 + I2
e f f
A′
0
1
N
∑
q,0
b
E
0
q + I
2
e f f
A′
0
Ωq
1 + I2
e f f
A′
0
 , (29)
I2e f f = (2∆¯BU + I
2)2/I2 ,
nB =
1
1 + K2
e f f
A′
0
1
N
∑
q,0
b
E
0
q + K
2
e f f
A′
0
Ωq
1 + K2
e f f
A′
0
 , (30)
K2e f f = I
2/(1 − UΠ(0))2 ,
where Ωq and A
′
0
are given by Eqs.(25-26) and Π(0) by
Π(0) =
1
N
∑
k
tanh(βcEk/2)
2Ek
. (31)
Using Eq.(28) and expression for I2
e f f
one gets K2
e f f
= I2
e f f
, thus a similar relationship to
that of (20) holds at Tc:
∆2pg = I
2
e f fnB . (32)
The above equations for Tc and ∆pg have to be solved together with the condition for
conservation of the total number of particles (19), where nF is given by Eq.(17). [19].
3. Numerical results
The numerical solutions to the equations for Tc are presented below for a simple cu-
bic (sc) lattice. The electron band energy is given by: εk = D(1 − γk); D = zt,
γk =
[
cos(kx) + cos(ky) + cos(kz)
]
/3, where t - nearest neighbour hopping parameter of
c-electrons and z -the coordination number. For the kinetic energy of free bosons we take:
E0q = J0 − Jq Jq = J0γq, J0 = zJ, J -the direct boson hopping amplitude. The momentum
summations are over the first Brillouin zone. Furthermore, in the plots we will use the half
of the electron bandwidth (D) as an energy unit.
Figs.1-3 show the plots of Tc, ∆pg(Tc), and µ(Tc), together with fractions of nF and nB
versus the bosonic level position ∆B, across the BCS-BEC crossover. (See also Fig.1 in
Ref. [19], for different n and interaction parameters). The direct boson hopping (Figs.1,3)
and interaction between fermions are taken into regard (Figs.1-3). In Figs. (1,3) we set
E0q ≃ Jq2 and J/t = 1/2 , this corresponds to mB = 2mF , where mB = 1/(2J), mF = 1/(2t)
are (bare) masses of bosons and fermions on the lattice, respectively, (~ = a = 1, a - the
lattice spacing).
As it is clearly seen from Fig.1 and 2 the superfluid phase transition changes in a smooth
way from BCS-like to BEC-like when the pairing correlations are incorporated.
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-1
-0.5
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-1 -0.5 0 0.5 1 1.5 2 2.5
∆B
0
0.1
0.2
0.3
k B
T c
U=0
MFA
BEC (I=0, U=0)
µ∆pg
nF 2nB
"BCS"BEC
PG
nF
Figure 1. Computed self-consistent T -matrix results for the boson-fermion model with resonant interaction (units D = 1).
n = 0.45, |I0 |/D = 0.75, (I = −|I0 |), U/D = 0.125, D = 6t. J/t = 0.5. The superfluid transition temperature obtained
in T -matrix: Tc vs ∆B is shown by the solid curve; the thin red solid curve is for U = 0. The dashed curve – the BCS-
MFA transition temperature. The dash-dotted curve – the TBEC for free boson-fermion mixture but with the constraint
n = nF + 2nB. Upper inset shows the variation of chemical potential µ(Tc) (solid curve) and pseudogap parameter ∆pg(Tc)
(red dotted curve) vs ∆B ; the dash-dotted line – the chemical potential for BEC transition without interactions (µ = ∆B).
Lower inset: fractions of nF , nB and n
0
F
(dashed) vs ∆B at Tc, normalized to the total n, across the BCS-BEC crossover;
n0
F
-fraction of unpaired fermions at Tc. See also Fig.1 in Ref.[19].
Let us summarize the main features of three regimes of this evolution.
(i) The renormalized level energy (by the boson self-energy) ∆∗
B
is negative, i.e. 2∆∗
B
=
2∆B +ΣB(q) < 0. In such boson predominant region, the bosons are essentially undamped
(do not decay), the µ is negative, and for large negative∆B, the Tc approaches the TBEC for
free bosons from below. What is more, the strong effective attractive interaction mediated
by the bosons leads to formation of preformed fermion pairs on the bosonic side of the
crossover (compare nF and n
0
F
in lower inset in Fig.1).
(ii) If ∆∗
B
> 0, the interconversion boson-pair of fermions (c-electrons) process gives rise
to the resonance superfluidity and to the elevation of Tc. In addition, the range of resonant
(or mixed) superfluidity is associated with a pseudogap (PG).
(iii) At last, in the BCS-like regime, predominant by fermions, the boson fraction nB/n is
small, and Tc approaches the BCS-MFA result. In this case the chemical potential is very
close to the Fermi energy and the pseudogap becomes quite small (upper and lower inset
in Fig.1). Even a weak direct attraction U enlarges the BCS-like regime (See Fig.1 for
U/D = 0.125 and U = 0, respectively), but the repulsive U reduces it [19].
It is clear that with decreasing J, the BEC asymptote to Tc will be lower because of
larger mB, however the BCS-like regime will be only little affected because of small nB.
In consequence, the smooth crossover plot of Tc will exhibit a round maximum inside the
resonance regime for a definite J/t < 0.5.
Fig.2 shows the phase diagram of the BF model in the case when the direct boson hop-
ping is suppressed (J = 0), i.e. the bosons are initially immobile, and n = nF + 2nB = 1.
It has been obtained from T -matrix calculations supplemented by the analysis of super-
conducting ground state in BCS-MFA [7]. Let us stress that the presence of the resonant
coupling (I) alone is sufficient to establish superfluidity in the BF mixture, with the region
of resonance (or mixed) superfluid. In addition (Fig.2), the energy scale for the pseudogap
obtained in the T -matrix (∆pg(Tc)) is compared with the superconducting gap parameter
at T = 0K (∆F(0)), determined in the BCS-MFA. We note that these characteristic param-
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-1 -0.5 0 0.5 1 1.5 2
∆B
0
0.1
0.2
0.3
0.4
k B
T
∆pg(Tc)
∆F(0)
2|µ(T
c
)|
MFA
PG
SC(B+F)
B+PP
M(F)
(BEC)
B+F
"BCS"
N(B)
Figure 2. Phase diagram of the boson-fermion model on a sc lattice with the direct boson hopping suppressed (units
D = 1). n = 1, |I0 |/D = 0.5, U/D = 0.05, J = 0. The solid line shows Tc vs. ∆B calculated from the self-consistent
T -matrix approach. The dash-double-dotted line is for the chemical potential (from T -matrix) when µ is negative. B+PP
- region of hybridized bosons and preformed pairs of c-electrons. SC(B+F) - resonance superconductivity phase. M(F) -
metallic phase dominated by fermions. PG - pseudogap region. N(B) - normal phase dominated by bosons. Dot marks the
crossover point in the superconducting ground state. See text.
eters are close to each other in the regime dominated by bosons and differ in the BCS-like
regime. The MFA Tc (thin dashed line in Fig.2), beyond the BCS-region, provides only
the pairing scale for the formation of incoherent Cooper (fermion) pairs, and bounds a PG
region. The dash-double-dotted line for 2µ negative (being close to the molecule binding
energy) separates the bosonic regime. In the bosonic regime (B+PP) we have hybridized
bosons and preformed fermion pairs, with the unique branch of excitations given by the
pole of bosonic GF D(q,Ω).
In our numerical computations we assumed the parabolic spectrum for the bosons,
but keep the full tight-binding dispersion for the fermions. It was mainly dictated by
the simplifications due to the long-wave expansion of the pair susceptibility. For the
parabolic boson dispersion we have a simple result for BEC transition of free bosons
kBTc/2J =
2π
ζ(3/2)2/3
n
2/3
B
= 3.3125n
2/3
B
. Inclusion of the lattice dispersion for bosons E0q, is
numerically possible, and it results in quantitative improvement of Tc, in the BEC regime
[7].
3.1. Low-density and broad resonance case
In this subsection we discuss the low density case. For moderate resonant coupling I
the evolution of Tc vs ∆B is similar to that presented above. Particularly interesting case
is the limit of large I, large ∆B, for low density (in cold gases referred to as a broad
resonance). We observe that in such a case (I → ∞,∆B → ∞, but − I22∆B finite) the model
effectively reduces to the single band (or one-channel) fermion model with an effective
attraction. Fig.3 shows the numerical results for (relatively) large coupling I. In contrast
to the continuum model, with decreasing ∆B the critical temperature sharply decreases
away from the unitarity (before reaching TBEC), which is specific to the lattice model. In
Fig.3, in the fermion dominated regime, we find that Tc in the BF model determined in the
T -matrix approach, practically follows the behavior of Tc in the attractive Hubbard model
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-100 -50 0 50 100 150 200 250
∆B
0
0.02
0.04
0.06
0.08
k B
T c
BEC(|I0|=0,U=0)
BEC
"BCS"
U=0
PG
Figure 3. Evolution of Tc from BEC to BCS like limit calculated in the T -matrix approach for large intersubsystem
coupling and low density (units D = 1). n = 0.1, |I0 |/6t = 15, U/6t = 0.25, J/t = 0.5 (mB = 2mF ). The denotations as in
Fig.1. Crosses mark Tc obtained in T -matrix for the Hubbard model with an effective attraction U¯e f f and filling nF = 0.1.
The dashed curve is for BCS-MFA. Thin dashed vertical lines denote the points for which the chemical potential passes
zero, thus marking the beginning of a Bose regime.
with an effective attraction U¯e f f = U +
I2
2∆B
.
4. Outlook
In summary, we have further investigated the superfluid phase transition temperature and
the phase diagram of the boson-fermion model with resonant interaction on the lattice.
We also discussed, in terms of T -matrix many-body formalism, the way the pseudogap
physics can be incorporated in the description of boson-fermion system with resonant
interaction. The results obtained, describe mostly the BCS-BEC crossover for Tc, with
variable bosonic (LP) level position, and complement those of Ref.[19]. The interesting
region of the resonant (or mixed) superconductivity is preceded by the pseudogap appear-
ing because of pairing fluctuations.
We considered the BF system with standard lattice bosons, however the presented ap-
proach can be extended to the important case of hard-core bosons [7, 18, 19]. In addition,
our study can be applied to: (i) the BF model with resonant d-wave pairing on quasi 2D
lattice [7] (ii) description of the BCS-BEC crossover in a neighbourhood of the quantum
superfluid-band insulator transition, which occurs in the model (1) for n=2 [2, 7],[32].
Another extension concerns the application of the (GG)G0 T -matrix scheme to the BF
model [7, 37].
The boson-fermion model we studied can also be treated as special case of a general
coupled boson-fermion-Hubbard model written in the Wannier basis:
H = HB +HF +H1, (33)
HB =
∑
i
(2∆B − 2µ)b†i bi −
∑
i, j
Ji jb
†
i
b j +
1
2
UB
∑
i
nBi (n
B
i − 1), (34)
HF =
∑
i, j,σ
ti jc
†
iσ
c jσ +
∑
i,σ
(D − µ)c†
iσ
ciσ +
1
2
UF
∑
i
nFi (n
F
i − 1), (35)
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H1 = I
∑
i
(b
†
i
ci↓ci↑ + c
†
i↑c
†
i↓bi) + UBF
∑
i
nFi n
B
i , (36)
and n = nF + 2nB.
nF
i
= ni↑ + ni↓, niσ = c
†
iσ
ciσ, n
B
i
= b
†
i
bi. [bi, b
†
j
] = δi j. {ciσ, c†jσ′} = δi jδσσ′ nF = 1N
∑
iσ〈niσ〉,
nB =
1
N
∑
i〈nBi 〉. D = zt. The bosonic part HB (34) is described by the boson Hubbard
model with the on-site repulsion UB and fermionic part HF (35) by the Hubbard model
with the on-site interaction UF . The intersubsystem interactions are specified by the inter-
conversion term (I) and the boson-fermion repulsion (UBF).
If UB = UBF = 0, after transforming to k - space: c jσ =
1√
N
∑
k e
ik·R jckσ, b j =
1√
N
∑
q e
iq·R jbq, we obtain the boson-fermion model (1), where εk (Jq) is related to Fourier
transform of ti j (Ji j), ∆B → ∆B − J0/2 and UF = −U.
If UB → ∞, and keeping only the two lowest boson states, one gets the case of hard-
core bosons (or pseudospins), which satisfy the Pauli spin 1/2 commutation relations (see
Refs.[2, 19]).
The above general model is of interest for non-conventional superconductors as well as
for boson-fermion mixtures loaded in optical lattices.
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